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Finite Element
Method In Engineering

Dr. Movahedi Rad Majid



In FEM, the aim Is to solve the following differential equation (in Q domain):

L@)+A=0
L: an operator for @ variable.
Q domain
Boundary conditionsfora: m(@) + B =0
m: an operator for @ variable. A
Example
020 /9x “+2=0 on  Qdomain

D+2=0 on A



o2
Strain energy: 1
U= f —oedv i
2 ,

External work:

WBXt —_ PX
Total potential energy:

T = U — Wext

Minimum total potential energy:
omr =0



Functional equation:
[(u) = fF(x,u,u’,u”)dx

INPUt =====) function
OUtpUt ======) Scalar

Differential equation:
L(u)+A=0



Functional equation is used: m(u) = f F(x,u,u',u")dx

n

Let’s assume the solution of functional
u() = ) ali() +P()

equation can be defined as a series:
i=1

N;(x): are trial functions Y (x): these functions define the boundary conditions

The aim is to find a;multipliers, where m(u) = [ F(x,u,u’,u")dx = n(a4,...,a,)

Minimum total potential energy definition:

5 ) =0 0,2
m(aq,...,0y) = Oal_ ""'Gan_



N; (x) (trial functions):
Properties:

* Independent,
« Cover boundary conditions (and
any other physical constraints).

Trial functions can be:

* Polynomial N;(x) = x*

: : examples
* Trigonometric  N;(x) = sin(ix) P



Functional equation for Euler—Bernoulli beam:

M A M

<I— ----------- 4-——— >
- YV |




Example 1-1: Euler—Bernoulli beam:




Example 1-1: Euler—Bernoulli beam:

Trial function:

. Tz
(2(n-1)+1)zz  N(F)=sm—
N (z)=sin 37z
L N ,(z)=sin e
(z)=a sinZ +a ™ z )
b 1 7 2 7 ‘/f/
0

Boundary conditions are satisfied by trial function!



Example 1-1: Euler—Bernoulli beam:

MATLAB essential commands:
syms L E I to create symbolic variables
diff(y,’z’,1) first derivation of y with respect to the variable z

int(y,’z’) integration of y with respect to the variable z

int(y,’z’,0,L) integration of y with respect to the variable z for the given interval

x=1:eval(y)  evaluatey function when x=1



Example 1-1: Euler—Bernoulli beam:

Algorithm:

start —— > create L,E,I,z,a,,a,,q ——— y(2) =aN;(2) + a,;N,(2)

L
F = 1/2 EIy"Y—qy — m= J[l/z EI(y'")? — qy|dx
0

an_oan_o d
aal— ’aaz— il



Example 1-1: Euler—Bernoulli beam:

Algorithm:

M (4(q.L.E.I)a,+B(q,L,E,I)=0 = a,=—B(q,L.E,I)/A(q,L.E.I)

N |C(¢.L.E.I)a,+D(q,L.E.I)=0 a, =—D(q:L;E.1)/C (g.L.E.T)
denl=aM =A(q,L,E,I)

2 % i numl oM
\numl=M|a1=0=B(q,L,E,I) gy == denl = ‘al=o é_a,
: . oN -< i oN

en2 = =C(q,L,E,I) a,=— =-N | N

a,: oa, k den? %= da,

num?2=N | _ =D(q,L,E I)




Example 1-1: Euler—Bernoulli beam:
MATLAB code:

tic
clc
clear all
close all

oo

syms L E I z al a2 g
Nl=sin(pi*z/L);

N2=sin (3*pi*z/L) ;
y=al*N1+a2*N2;

ydd=diff(y, 'z"',2);
F=(E*I*ydd"2)/2-g*y;
FUNCTIONAL=int (F, 'z',0,1);

[o3e)
70

EQ 1=diff (FUNCTIONAL, 'al',1);

al=0;numl=eval (EQ 1);
denl=diff (EQ 1, 'al',1);
al=-numl/denl

EQ 2=diff (FUNCTIONAL, 'a2',1);
a2=0;num2=eval (EQ 2);
den2=diff (EQ 2,'a2',1);
a2=-num2/den2

o\°
o\°

y=al*N1+a2*N2;
E=200e9;
I=1e-6;

L=1;

g=-1000;
z=0:0.01:L;
Y=eval (y)
plot(z,Y)

toc
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Example 1-1: Euler—Bernoulli beam:

N (x)= sm%

. Sz
N . (x)=s1n——
,(X) 7




Functional equation for truss element:




Example 1-2:

X1

J—CX

—_— @ —

=0

BCu =0Qa x

—oxu |dx

du

dx




Example 1-2:
N, (x)=1
NH(X):xn_l E—— Nz(x):x
N )=x"

u(x):a/+a1x +a,x ’ +w¢)
0 0

Boundary conditions are satisfied by trial function!



Example 1-2:

‘A(q.L.E.I)a,+B(q,L,E.I)a,=R1
\C(q.L.E.1)a,+D(q,L.E I )a,=R2

' d(Eq.1 ’ d(Eq.2

A(q.L.E.I)= (aj ) C(q.L.E.I)= (a:z] )
1 1

6(Eq.1) 6(Eq.2)
a,:1B(q.L.E.l)= 5 a,:3D(q.L.E.I)= =
2 2
R1=—(Eq.1)|4-0 R2=—(Eq.2)|a=0
a, =0 a, =0




Example 1-2:

A(q.L.E.,I) B(q,L.E.I)

C(q,L.E.I) D(q,LaEJ)} m) [Coes _mcztrz‘x]{zl}=[R]

Coef matrix =[
w

R =
R2

a

= {az} =[Coef _matrix]"[R]



Example 1-2: EQ 2=diff (FUNCTIONAL, 'a2',1);
MATLAB code: C=diff (EQ 2,'al’',1);
D=diff (EQ 2,'a2',1);

tic al=0;a2=0;R2=eval (EQ 2);

clc

clear all Coef matrix=[A B;C D];

close all R=[R1;R2];

%% Coef=Coef matrix”-1*R;

syms Lk E A x al a2 c al=Coef (1,1)

Nl=x; a2=Coef (2,1)

N2=x"2; %%

u=al*N1+a2*N2; u=al*N1l+a2*N2;

ud=diff (u, 'x',1); E=200e9;

F=(E*A*ud”2) /2-c*x*u; A=le-2;

FUNCTIONAL=int (F, 'x',0,1); L=1;

%% c=10;

EQ 1=diff (FUNCTIONAL,'al',1); x=0:0.01:L;

A=diff(EQ 1,'al'",1); U=eval (u) ;

B=diff(EQ 1,'a2',1); plot (x,U)

al=0;a2=0;Rl=eval (EQ 1); toc
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Boundary conditions for A: m(@) + B = 0
ﬂl(u) = n(u) + af [m(¢) + B]de @) domain
2
a: penalty number, a large number (for ex. a = 10°) A

The aim is to find a;multipliers, where m,(u) = m{(a4,..., a,)

Minimum total potential energy definition:

dry 14

oty (ag,...,a,) =0 ) —=0,...,— =0

da, day,



p=0at x =0
p=1lar x =1

1 2
dg

— 11 ¥ 2

—_([é (dx) + ¢ |dx B C <
0<0<1

0

A=0
A=1

N (x)=x""

N (x)=1
N ,(x) =x
N, (x)=x"

u(x)=a, +a,x +a,x”’






Example 1-3:
MATLAB code:

% example 13
tic

clc

clear all
close all

o 9
© 0o

syms x al a2 a3 alpha
N1=1;

N2=x;

N3=x"2;
phi=al*N1+a2*N2+a3*N3;
phid=diff (phi, 'x',1);
F=(phid"2+phi*2) /2;
FUNCTIONAL=int (F, 'x',0,1);
x=0;BCl=eval (phi"2);
x=1;BC2=eval ((phi-1)"2);
FUNCTIONAL BC=alpha*BCl+alpha*BC2;

FUNCTIONAL=FUNCTIONAL+FUNCTIONAL BC;

[le)
5%

EQ 1=diff (FUNCTIONAL, 'al',1);
A=diff(EQ 1,'al',1);

B=diff(EQ 1,'a2',1);
C=diff (EQ 1,'a3',1);
al=0;a2=0;a3=0;Rl=-eval (EQ 1);
EQ 2=diff (FUNCTIONAL, 'a2',1);
D=diff(EQ 2,'al',1);
E=diff(EQ 2, 'a2',1);

F=diff(EQ 2,'a3',1);
al=0;a2=0;a3=0;R2=-eval (EQ 2);
EQ 3=diff (FUNCTIONAL, 'a3',1);
G=diff (EQ 3,'al',1);
H=diff (EQ 3, 'a2',1);

I=diff(EQ 3,'a3"',1);
al=0;a2=0;a3=0;R3=-eval (EQ 3);
Coef_matrix=[A B C;,DEVFF;,GHTI];
R=[R1;R2;R3];
Coef=Coef matrix”-1*R;
al=Coef (1,1);

az2=Coef (2,1);

a3=Coef (3,1);

[SIe)
5%



phi=al*N1+a2*N2+a3*N3;
x=0:0.01:1;

alpha=1;

Ul=eval (phi) ;
alpha=10;

U2=eval (phi) ;
alpha=100;

U3=eval (phi) ;
alpha=1000;

Ud=eval (phi) ;

plot (x,Ul,x,U02,x,U3,x,U04)
toc






Differential equation is used: Lu)+A=0
n
Let’s assume the solution of functional 5
equation can be defined as a series: i(x) = z a;N; (x) + ¥ (x)
i=1
N; (x): are trial functions Y(x): these functions define the boundary conditions

Minimization of errors: L(i)+A=R

Minimization of errors should be in Q domain:




The aim is to find a;multipliers, where errors are minimized: [ W;RqdQ = 0

If W;= N; =) Babnov Galerking
If W;# N; =ssssms) Petrov Galerking

IW@JQ N m) |7, [L(d)+4]dQ=0

L(i)+A4= RQ#

mp |7, [L(@))de=-[W [4]ldc mp [K]{a}={F}




m(ti))+B=R; on Q domain
A
The aim is to find a;multipliers,
where errors are minimized: [W:RqdQ + ¢ W;R;d; =0
Wi — Wl



jwi@dQﬁLgSWi@dz:o [
L()+A4 =R, - W (W, [L(@)+A4]dQ+ i, [m (i)+B |dA=0
m(i)+B =R, _ ’
> j w,[L (a)]d9+ $7. [m (@) ]d 2= W [4]aQ- 7, [B]d 2
K] Tkl Emy Ty

mp [K+K'l{a}={F+F")



N, (x)=sin(mzx)

Nn(x):sin(nﬂ'x) N (x)—sin(zﬂ-x)

u(x) f; +a, 51n(272'x)+a 51n(7tx)+y/(x

w(x)=

X



Example 1-4: Galerkin method:
Algorithm:

start — create x, ai, a — a(X) = a1N1 (X) + a2N2 (x)+x

d?1i
leRQdQ = 0
— — end



Example 1-4: Galerkin method:

MATLAB code:
Eiixamplel4 FO—R*N2 ;
EQ 2=int (F2, 'x',0,1);
clc 3

C=diff (EQ 2,'al',1);
D=diff (EQ 2,'a2',1);
al=0;a2=0;R2=-eval (EQ 2);

clear all

close all

syms x al a2

Nl=sin (pi*x);

N2=sin (2*pi*x) ;
u=al*N1l+a2*N2+x;
udd=diff (u, 'x',2);
R=udd-u;

F1=R*N1;

EQ 1=int(F1, 'x',0,1);
A=diff(EQ 1,'al’',1);
B=diff(EQ 1, 'a2',1);
al=0;a2=0;Rl=-eval (EQ 1);

Coef matrix=[A B;C D];
R=[R1;R2];

Coef=Coef matrix*R;
al=Coef (1,1)

az2=Coef (2,1)
u=al*N1+a2*N2+x;
x=0:0.01:1;

U=eval (u) ;
createfigure (x,U)

toc



Example 1-5: Extended Galerkin method:

2
(duJ—u:O B.C.{u:Oatx:O

2
dx u=1lar x =1
0£0<1
0 ]
A=0
A =1
Nl(x)ZI
N, (x)=x"" N (x) =x
N, (x)=x"

w(x)=a, +ax +a,x”’



O - )
_(dzz,’ij_ﬁ u=0a x =0 Rzll =Uu| _,
R .

i =1at x =1 R/’Lz:u I

VAN Yy,

W, RodQ+ QW R, d21=0
A

W.=N,
W,=-N,

/4 4



Example 1-5: Extended Galerkin method:
Algorithm:

— create X,A1,Ay

S Ry.R, .R,

- JI.NIRde+[—N1Rﬂ1]x=0+[—N1RAJ
0

x=1

=0




Example 1-5:
x=0;R B 1 l=eval(u);
MATLAB code: x=1;R B 2 l=eval(u)-1;
x=0;R B 1 2=eval (u) *eval (N2) ;
= = —_ * .
% example 1-5 x=1;R B 2 2=(eval(u)-1)*eval (N2);
tic x=0;R B 1 3=eval (u)*eval (N3) ;
cle x=1;R B 2 3=(eval(u)-1)*eval (N3);

clear all

= 1 X .
close all F1=R domain*N1;

EQ 1=int(F1, 'x',0,1)-R B 1 1-R B 2 1;
A=diff(EQ 1,'al',1);
B=diff (EQ 1,'a2',1);

o9

[olge]

syms x al a2 a3

N1=1; .
N2 =5 - C=diff(EQ 1,'a3',1);
N3=x"2; al=0;a2=0;a3=0;Rl=-eval (EQ 1);

F2=R domain*N2;

EQ 2=int(F2, 'x"'",0,1)-R B 1 2-R B 2 2;
D=diff(EQ 2,'al',1);
E=diff(EQ 2, 'a2',1);
F=diff (EQ 2,'a3',1);
al=0;a2=0;a3=0;R2=-eval (EQ 2);

u=al*N1+a2*N2+a3*N3;
udd=diff (u, 'x',2);
R domain=udd-u;

[SIe)
5%



F3=R domain*N3;

EQ 3=int(F3,'x"'",0,1)-R B 1 3-R B 2 3;
G=diff (EQ 3,'al',1);
H=diff (EQ 3,'a2',1);
I=diff(EQ 3, 'a3',1);
al=0;a2=0;a3=0;R3=-eval (EQ 3);
Coef matirx=[A B C;D E F;G H I];
R=[R1;R2;R3];

Coef=Coef matirx”-1*R;

al=Coef (1,1);

a2=Coef (2,1);

a3=Coef (3,1);
u=al*N1+a2*N2+a3*N3;

x=0:0.01:1;

U=eval (u) ;

createfigure (x,U)

toc



it sqaton| Rl sston

Differential equation: L(u)+A =0

Conditions:

—

[L(u)dQ=[uL(6)d0

Q

Symmetric (Self-adjoint)

[uL(u)an=0
Q
Positive definite




Differential equation:

U<x <L
n: order for differential equation
Boundary conditions: x =0
n (u X ) =C
().,




L
Weighted-Residual Integral: IW (x )[L (u (x )) + A ]cbc =0
0

Weight Function: W (x)

j‘:W (x )[L (u (x )):Idx +_L£W (x )Adx =0



Weak-Form by Fractional Calculus

F 7
i
Fractional Calculus: Iu av = [uv ]|O —jv du
0 0

IW (x )[L (u (x ))]dx +IW (x )Adx =0
1
V(x)ziL(u(x))dx



Weak-Form by Fractional Calculus
L Ldw (x )
x):llo —! ry dx+jW

Applying boundary conditions:

-7 () )]
W (L)V (L)=W (

P L4 (x)Vy{):”x:O+j — V (x)+W (x )4 |dx
ne U _ -

Aa’x =(







B(u,W)=.L[—— -j'L(u (x )

L(W)=i[W(x)A]dx -W (L)C

a ‘ 7(u)

%B (u,u)+L (u)



Differential equation: —-d—[AE i
dx dx
. (x ) x=0
Boundary conditions: AE d_u
dx x=r
First Step:

Weighted-Residual Integral: j‘W (x)

0

=0

AE —




Second step:

Fractional Calculus:

—_—

AEW (x +)o

di

AEW (x )Zx_”

x=0

= 5 ¥

10 0




Third step:
Boundary conditions:

[AEW}/)d—uL=O—[AEW (x)d—”} +I A T g,

dx / dx

0
du| ¥
AEEhL—QO
Al dW(X)du |
-W(L)Q0+£ AE — 22T (x )g |dv =0




Fourth step:
Functional equation:

) ‘ ﬂ'(u)=%B(u,U)+L(u)



Minimum total potential energy definition:
b

I(u)= . F(x JU LU ',u")dx

t[o OF
51(u)=0 mWp OI(u j_ﬁg&wa&,

Changes just considered for the functions

Fractional calculus



Minimum total potential energy definition:

Fractional calculus

j’aF

ou'

—ou'

b

d

d ( OF

 dx

ou'

|

OF

dx

d

dx

OF j 5
au "

Jr
e




Minimum total potential energy definition:
Substitution:

. 0

oo 52 e 2]
+i —(Z]; _ch (Sj};jz (gjnéu =0 u'ga

'b
"~ : o(v)-5" W1

oF d (oOF d? ( OF |
- ( j+ ( j= 0 | Euler Equation
ou dx '

<

= T

S
\_/v e Pt

II

 —|




Euler Equation mp — -

1
—FE A
2

&

LE4
2

&

du
dx

-

du

dx

) ~qu

j —qu |dx  Functional equation
- L Lok
ou ou' T
d’u
—(AE j 0 ’ AE —+q =0

b




(Node)

B
g

(Domain)

Node:
Continuity between elements,
Define boundary conditions and loading



node

Ql Qz Q?)
/ O O O
element (2
Galerkin method: .[Ni R,dQ=0
Q

Galerkin method in FEM: jNiRQIdQ1+ J'NiRgzdgz + INiRQ3dQ3 =0
0, Q, Q,

Galerkin method: by increasing N; functions ‘ errors are incresing

Galerkin method in FEM: number of element increasing with constant N; ‘ errors are not incresing



The domain is broken up into small pieces called elements.




Mesh types:

a) Uniform:

\VAVAVAVAN

b) Non-uniform:




Information which are needed for meshing:

 Nodes coordinates.
« Number of nodes in each element.
* Connection between nodes in each element

4 3
Coordinates for nodes 1, 2, 3, 4. [} ksl
Four nodes for element 1. @

In element 1 nodes are connected:
1-2-3-4. ® ®

1 2



1-D meshing
node
I Ql QZ Q3
/ O O @)
Q
element

N= number of elements



1-D meshing:

Matlab example:

node cord =

IS ) R ()
2 01 O
3 02 0

4 03 0

S OO O

element 1nf =

LW N =

W N =

N\




Matlab example:

node inf=xlsread('node.xlsx', 'sheetl');
element inf=xlsread('element.xlsx', 'sheetl');



Matlab example:

function
X start=X
Y start=yY
X final=X
Y final=Y(
X_E=X_final—X_start;
=Y final-Y start;

[X
(1,
(1,
(2
2

=(Y E/L E);
=(X E/L E);
dL=L E/N;
dX=dL*C;
dy=dL*S;

o 9
© 0o

Y E
L E=sqrt(X E"2+Y E"2);
S=(
C=(

Y m]=linearmesh (X, Y,N)

X m(l,1)=X start;
Y m(l,1)=Y start;
for 1=2:N+1

X m(1i,1)=X m(1i-1,1)+dX;

Y m(i,1)=Y m(i-1,1)+dY;

end
end



Command Window

>> X=[0;1];

>> ¥Y=[0;0];

>> N=10;

>> [X_m,Y m]=linearmesh(X,Y,N);

ﬁg»




2D Meshing: . g .
o ®
Linear 2D elements: \5
6
Rectangular elements ) ¢
Triangular elements

o [

1

Non-linear 2D elements: @
5




Mesh quality improvement:

Aspect ratio: b/h= 1

I
1
T T -
'

- e I W

]
Jd
i1
S==ma
: L_
!
—_— —
|

I I
1T h-version

/
O 1. p-version b \




Angel:

QT ————




For different layers and materials:
Cx

Sudden changes in elements Gradual changes in elements




Real deformation of structure
|dealized deformation of structure y\ Vs

¥, = e Yo
‘r\m
¥ ~\ V7
! T




® —

Qo




First order shape function in local coordinate




Lagrange Interpolation Function:




2
N,=a,+px +7x ’«

= 2
N, za+[x+yx ’_

L N, =0at x =x,
- N, =0at x=x

Nj=lat X =X

LN, =0at x =x,

N,=q +px +ykx2‘«

y(x)=N,y,+N,y +N,y,

N,,N,.N,

second order shape functions

- N, =0a x =x,

1

N,=0at x=x,

L N, =lat x=x,



Lagrange Interpolation Function application:

[1(x, —x)
_ e _ (xl —x)(xk —x)
ﬁ(xm —xj) (xl—xj)(xk _x])




(fj_f)(fk =< (0—£)1-2)  £(&-1)

YTEme)E g (0-())(-(n) 2
U € 6§ -¢) _ (11-¢)(0-¢) £(1+¢)
T (E-&)E-&) (-()o-(1)) 2




\\\y (x)=N,y,+N,y,+N,y, +N,y,

N
S
N

N NN,

[T, ) [T, =)
=1 (xj —x)(xk —x)(xf—x) = (xl.—x)(xj —x)(xe —x)

Ni = zii = N. = m#k _
ﬁ(xm —x;) (xj —x,.)(xk ) k ﬁ(xm —xk) (xi_xk)(xj _xk)(xf_xk)
m:} m=1
mzk

N N

H(xm _x) H(xm —x)

Gy mx) (e —x ) =) e =), =3 ) )

N, K =124 = N,=2 _
J ﬁ(xm—xj) (xi_xj)(xk_xj)(xe—xj) H(xm—xe) (xi—xé)(xj—xf)(xk—xé)

m=1

m#j m=4£



£=-1 £=-1/3 [ £=1/3 § =+l §=2(x—x°)
z'|< j 2 k ,|é
—-2e+2)e-3 ) N, = %(&1)(5%)(5



Triangular elements



From strenght of materials:

Stress tensor:

3D tensor: g 9. @

| T zy zz |
ﬂi ay
2D tensor: B
-~
Oy v_+ d), w%— g, \———A X [G]
t,, dX

- ————
Tyx




From strenght of materials:

{ tx =0_n. + O'xyny

e (Traction)
y = Oglle TOWN,
> F=0
oo,, oo,,
ao—xx 1 X) + fr = 0 ao-xx + Xy o fr - pur
Ox Oy ' Ox Oy ’ '
; oo, 00, oo, OO0, .
Z+—24f =0 =+ —2 +f =pi
ax ay J ax A ) J

Statics Dynamics



From strenght of materials:

Strain: ~Ou, 1 1 (ou, Ou, ~ Ou,
Ep = gxy =l £ v A T & w o
0x 2 2\ oy oOx 0y
E ,
Hooke's law: G= = vE
2(1+v) (1+v)(1-2v)
G G’L\r
E =——V —Vv—=
L L E c.=Ae+2G¢_
vy ==y = O-” = = O-J'J" = /le + 2G g}‘}'
- 2 2 o, =Ae+2G¢g,
o O
g, =—vV=2 -y =X = e=¢g_+¢&_+¢&,
E E E * »»
L7 =G7/3ﬂ le =G}/}z zx =G}/zx



From strenght of materials:
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From strenght of materials:

Plane strains: 4 :
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Constant Strain Triangle (CST):  This is the simplest 2-D element, which is also called

linear triangular element

(Hity

yd

- X



Constant Strain Triangle (CST):

A IR

(d} =

S~
I'
A

I

m

u(x,y)=c¢, +c,x +cy = gu, + g,u, + g,
V(X,Y)=Cs+Cex +C Yy =gV, + 9V, + 9V,

X,u




Displacement domain:

xu {¢}={01+azx+a3y}=[l y (1) (3 0 <

X
aq + asx + agy 0 0 0 y

u(x;, yi) = ay + axx; + asy;

~

(
(x;, y) = ar + axx; + azy;
(
(

T
I

u \m~,Vm) =dad)+ @)Xy + a3 m

=
I

v(Xi, Vi) = Q4 + asX; + ag)i
v; = v{x;,¥j) = a4 + asx; + aey;

Um = V(Xms Ym) = da + A5Xp + A6Ym




Shape function:

24 =

Yi
Y
Vm |

x'“

]




% = Xi¥Vm — VjiXm

ﬂizyj_ym

7i = Xm

[x]-lz‘— ﬁi ﬁj ﬁm

% A Oy

7:' y] 7m J

¥ = ViXm = XiVm
ﬂj == Y~ Ji

7jp = Xi — Xm

ay : (o o Oy |
0y ¢ mm o ﬂr’ ﬂj ﬁm
E i yj ’m {

XY — ViXj
Yi— )
rj === x‘
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| 1
(x,9) = 57 {0+ B+ Yt + (o + B+ 7900+ (G + Bk + 1Yt}

| | 1
N,' — 51—4- (a,' + ﬂ,-x + )"z,l") Nm — '2—A (1," + /}m.\? + }'m}’)

==t




" u(x,y) = Niwi + Njj + Nyt 7 Nitti + Njttj + Nt }

_ Julxy)) _
» - {‘ll} ape { v(x,y) } - { Nv; + vaj + Nptp,

v(x, ¥} = Niv; + Njvj + Npvy,

-

Ni O Nj N 0 u; —]
{w}=[[0 oo Nmﬂ< | (¥} = V){a)

Z o
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Force = Degrees of freedom X -—p Stiffness Matrix

differential equation (in Q domain) 'k (u ) +4 =0 o0n QO
1

Galerkin method: Z:lv(x ) = Zal.Nl. (X )
i=l

Minimization of errors in {0 domain: L (ﬁ) —+ A — R O

[N, RadQ,+ [N, RdQ, + [N, R, dQ; =0
Q, 0 Q.




Galerkin method in FEM:

TN,- |dx+jNRdx+ +_[NR x =0
N
L(i7)+4 =R, mp (;aiNi (x )j+A =R,
jN |:L(ZaN (x ))+A:|dx +fo1. |:L[ZaN (x ))+A:|dx ;..
+fo [ (ZaN (x j } x =0 i=1,.,n

X 1

jN (Z ﬂdqu[ (gaiNi(x)ﬂdx

=—r;Nz|:L(A):|dx +jNi[L(A)]dx ]




For two elements:  u#(x ) =a,/V, (x )+<:12N2 (x )

ki, x.fNi[L(alNl(x)"'azNz(x )):Idx

HH

foz. | L(aN,(x)+aN,(x))]dx

ATy T

dx

i =1 ‘ ey, +kypu, =F

’ kn ki ||o _ K
iZZ‘ k21u1+k22u2:F2 kzl kzz u, FZ

i2



Applying boundary conditions:
 Elimination method
 Penalty method

 Lagrange multiplier method



X ..

1n

nl

[

nn

Constraint on the first degree of freedom

First row and first column of K
matrix is zero



Algorithm: C B )

Stiffness matrix= [K]
- - B.C. matrix= [bcdof]

1 -1 0 O
-1 2 -1 0 Total_dof=size(K)
K =10"x 0 13 ) n=length(bcdof)
00 -2 2
o ]

c=bedof(i)
K(j.c)=0. K(c,j)=0

( End )




Example:

Import :

K =10°x

-1
0
0

-1
2
-1
0

0 O
-1 0
> 2

1

bedof = E}

Results:

K =10°x

G O CO

L O

0 O

0 O

S
-2 2




Matlab code:

function [ K T ] = eliminationbc( K,bcdof )
Total dof=size (K, 1);
n=length (bcdof) ;
K T=K;
for 1=1:n
for j=1:Total dof
c=bcdof (i,1);
K_T(j,C)ZO;
K_T(er):O;
end
end
end



Import : >> B=1026%T1 -1 O 07
-1 2 =1 0} iss
0 -1'3 <22iss
0l -2 212
>> bcdof=[1;2];
>> K T=eliminationbc (K, bcdof)

Results: KT =

0 0 0
0 0 0
0 3000000 -2000000
0 -2000000 2000000

DD OO
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(K] K,+K, K, 0
K], =2[0] X, K4k, <K,
)10 0 K, K,+K,
s|of 0 0 K,
41 R |
1 K +K. 0
{F}=2- F, >

(F, =0)+K, x0

||

ey (K],

EEEE—)

K +K -k 0
K. Ktk =K,
0 -K, K,+k; |
_+K, 0,
{F}= f
0




Algorithm:
( start )
- - Stiftness matrix= [K]
1 -1 0 0 / B.C. matrix= [bedot] /
-1 2 -1 O ,
K = 106 X n=length(bcdof)
0O -1 3 -2 K, =max (K (i,i))x10°
O 0 -2 2
deOf — ¢ = bedof (i,1)
3 K T(c,c) =K(c,c)+ K,

( End )




Matlab code:

function [ K t,F t ] = penaltybc( K,bcdof,F,delta)
n=length (bcdof) ;
KB=max (diag (K)) *1le6;
K t=K;
F t=F;
for i=1:n
c=bcdof (i,1);
D=delta(i, 1) ;
K t(c,c)=K(c,c)+KB;
F t(c,1)=F(c,1)+KB*D;
end
end



Import :

>> K=1026*[1 -1 0 0;...

=1 2 =1 025
D =1 3 =27 s
00 -2 2];

>> bcdof=[1;2];
>> delta=[0;0];
>> F=[0;0;100,;100];

>> [K_t,F_t]=penaltybc (K, bcdof,F,delta)

Results:

K € =

l.0etl2 *

3.0000 -0.0000
-0.0000 3.0000
0 -0.0000
0 0

F t-=

100
100

0
-0.0000
0.0000
-0.0000

-0.0000
0.0000



r=U-w W #=x+i([c]{d}-{0})

o
a_”z()

(CH{D} - {Q} = {0}

] [
[e] [o].
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&

K
0

~ki  —ky k1+k2_
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k>
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continuity between nodes
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—ky




Kk + ks —ks
S
—ky 0

For assembly of stiffness matrix the

order of degree of freedeom is important!

1 2 3
Fiy 1 i ki 0 —k; |
F, = 0 Ko —k>
B3 ) 3[—ki —ky ki+k>




Algorithm: n

Element matrix={k}
DOF matrix=DOF

v

N=max(max(DOF))
N E=size(k,1)

v

K G=zeros(N,N)

For i=1:N_

K_G(DOF(i,:),DOF(i,:))=K_G(DOF(,:),DOF(i,:))~k{i,1} |«

End



Matlab code:

function [K G ] = assembel (k,DOF)
N=max (max (DOF") ) ;

N E=size(k,1);

K G=zeros (N, N);

for 1=1:N E

K G(DOF(1,:),DOF(1i,:))=K G(DOF(i,:),DOF (1, :
) ) tk{i,1};

end

end



Import :

>> k{1,1}=1000*[1 -1;-1 1];
>> k{2,1}=2000*[1 =1;-1 1];
>> DOF=[1 2:;2 3]:

>> K _G=assembel (k, DOF) ;

Results:

1

1000

-1000

2 | 3 |
-1000 0
3000 -2000
-2000 2000



: aq_( aq\’ aq- aT
Helmholtz equation: - 1y , 1z — S
| (3x+8y+az)+Q P
B qx

The local heat flux: - g,

- 4,

The heat generated per unit time per unit volume: =Kt )

C: is the specific heat T is the temperature

p Is the density



Fourier’s law of heat transfer:

q.\. — —k—.
K: thermal conductivity

q: = —k—=—




Let’s say we have triangular elements:
Temperature:

T(x,y) =N(x,y)Ti + Na(x,y) T2 + Na(x,y) T3

N 3 1
4 Ni=—la;+bix+ (‘,‘)’).
2A
2
i = Xji41Yi42 = Xit2Vi+1,
]
bi = Yis1 = Yis2,
X

Ci = Xit2 = Xi41,

|
A= 5(-"2.\‘3 +Xx3y1 +X1)2 = X)) = X3)2 = X1)3)

Ni(x,y) = o + Bix + 1y



Galerkin method in FEM: INI.dQ=O

dg, dg, dq. aT
Rr(Wa—;*—Z‘Q“"W)
dq:  dqy  0q; dT 7
/(ax + = + o Q+pcat)N,dV_0
¥ aTY [oN; oN,
r=mirh || (7oA
= —k[BI{T iy G ook i
(@ =BT} — ], (5|5
daT dN, dN,
{T}= {Tl T2 } a_z _3_2 aZ




Weak-Form by Fractional Calculus:

/ pc%—flv,-dv- / [a’t a’f a’f ]{q}dV / ONidV - / (VT {n}NdS

/ 4uNidS - / h(T - T,)NidS — / (06T - ag,)N:dS
3
[CUT} + (K] + [Ki] + [K AT} = {Rr} +{Ro} +{Rg} + {Ru} + {R:}

€] = [ pelN]"[Njav K= [ KB Blav

Kil = [ HIN]"IN)ds KHT} = [ oeT*IN"ds

S4



-NIN?. N1N2 N1N3
[C] = / pc[N]" [N]dV [C]= j pc|N,N, N.N, N,N, |tdA
= _N3N1 NN, N3N3_
t: thickness of plate NN, NN, NN,
[C]=pet[|N,N, N,N, N,N,|dd
_N3Nl N3N2 N3N3_
1 2 2
NN, = T [aa +(ab +ab )x +(aicj t+a;c; )y +(b,-cj +bjC,- )xy +bibjx TC,C;Y ]

positions of nodes in coordinate system: (xg,yg) (x 2sY 2) (xl,y 1)



_ m . n

, I —jx y " dx dy
A

0 jdA =A=[x(y2=y3)+xalys = yi)+ x3(y1 = y2) J/2
1 I ydA = AF = A(y, + Y, + y3)/3
0 jdi=Af=A(x,+x2+x3)/3
2 j Yy dA = A(y} + vi 4+ i +959)/12
1 jxydA = A(.t, _"|+X2_\'2+x3)'3+91—_\7)/12
0 szdA = A(xf+x§+x§+9f2)/12




k)= [KiB]"Blav  [B1=
V

k] =

k

4A

"INy dN; dN3~

dx dx OJx
dN, dN, dN;

L dy dy dy._

b%'f'C% b1b2+C1C2 b1b3+CIC3

bi1b> +cicr

b1b3 -+ C1C3 b2b3 + CHC3

b5 + c3

b3 +c3

b>b3 + cac3



Ki] = [ hIN]"[N)as
53

(K]

Wi,

s S s IS <

—_ N OO

o = O




Matlab code:
K function:

function Kc=kconductivity (kxx,kyy,b,c,A,t)
B=[b(1l,1) b(l,2) b(l,3);c(l,1) c(1,2)
c(1,3)1/(2*n);

D=[lkxx 0;0 kyy];

Kc=t*A*B'*D*B;

end

K; function:

function [Kh,F]=kconvection(h,L, t,edge, Te)
Kh=(h*L*t/6)*[2 1 0;1 2 0;0 0 0];
alpha=h*Te*L*t/2;
switch edge
case 1
F=alpha*[1 1 0];
case 2
F=alpha*[0 1 1];
case 3
F=alpha*[1 0 1];
end
end



C function:

function

C=Ctransient (rho,Cheat,Area,a,b,c,x,y,t)
alpha=(rho*Cheat*t) ;

x0y0=Area;

yl=Area*yB;
x1=Area*xB;

y2=Area* (v (1,1)"2+y(1,2) 2+y(1,3) ~2+9*yB
~2)/12;

xlyl=Area* (x(1,1)*y(1l,1)+x(1,2)*y(1l,2)+x
(1,3)*y(1,3)+9*xB*yB) /12;

x2=Area* (x(1,1)"2+x(1,2)"2+x(1,3)"2+9*xB
~2)/12;



for 1i=1:3
for 3=1:3

N(i,j)=(a(l,1)*a(l,])*=x0y0+(a(l,1)*b(1,])+(a(l,J)*b(1,1))*
x1+(a(l,1i)*c(l,3)+a(l,3)*c(l,1))*yl+...

(b(1,1)*c(1,3)+b(1,])*c(1,1))*x1yl+b(1,1)*b(1,])*x2+c(1,1)
*c(1,J)*y2))/ (4*Area2);
end
end
C=alpha*N;

end



1:1-2-3
2:2-4-3

= 1
k 1(1) k 1(2)

1
k)

Sym.

1
kl(l)

Sym.

1
ks
1
by
1
k)

1
k1(2)
1 2 2

kG kYD kD
1 2 2
D kD 1

[ 12
44

1
k)

sym.

2 2
B
2 2
LAY
o

—

0

kD




1. For constant temprature:

;=TI1(x.y.z,t) onS; T : temprature on the surface

2. For constant heat flux
gy + qyny + q;n; = —qs on S q: heat flux on the surface
3. Convection boundary condition
gxnx + gyny + q:n; = h(Tg — Te) on S3 h: coefficient of convective heat transfer

4. Radiation

a: the surface absorption coefficient
qxly + Gyny +qzn; = 0'87;4 — Olqy ON Sy

£: the surface emission coefficient

o: The Stefan—Boltzmann constant

d,-: the incident radiant heat flow per
unit surface area



Boundary conditions:

(Rr} = / (g} {n}[V]"as

{Ro} = / QINav
(R} = / gs|N]"ds
S2
{Rr} = aqr[N]TdS
/

{Ry} = [ hT.[N]"dS
J



{Rh}=the N T dL =the [N, N,]"Ldé=hT, L j [N, N,]7d¢

N, =1-¢& N,=¢

(Ry- 2L




Matlab code:

K;, function:

function [Kh,F]=kconvection (h,L,t,edge, Te)
Kh=(h*L*t/6)*[2 1 0;1 2 0;0 0 0];
alpha=h*Te*L*t/2;
switch edge
case 1
F=alpha*[1 1 0];
case 2
F=alpha*[0 1 1];
case 3
F=alpha*[1 0 1];
end
end



Matlab code:
Main body:

clc

clear

tic

format long

%% Input
input=xlsread('input.xlsx', 'SHEET1");
mesh=xlsread('meshl.xlsx', "SHEET1") ;

n node=input (1,1);

n element=input(1l,2);

n bc conv=input (1, 3);

n bc temp=input (1,4);

BC conv=input(l:n bc conv,5:8);
BC temp=input(l:n bc temp,9:10);
thickness=input(1,12);
kxx=input (1,14);

kyy=input (1,15);

rho=input (1,106);

Cheat=input (1,17);



x(:,1)=mesh(l:n node,2);
y(:,1)=mesh(l:n node, 3);
element info=mesh(l:n element,7:10);
meshplot (x,y,element info,n element)

%% Shape function
K global=zeros (n node);
C global=zeros (n_node) ;
for i1=1:n element
jj=element info(i,2);
kk=element info (i, 3);
ll=element info(i,4);
x element (i,1:3)=[x(JJ,1) x(kk,1) x(11,1)];
y element(i,1:3)=[y(3J,1) y(kk,1) y(11,1)];

la(i,:),b(1i,:),c(i,:),Area(1,:),L(1,:)]=shapefunction(x element(i,1:3),
y element (1,1:3));
Kc{i,l}=kconductivity(kxx, kyy,b(i,:),c(i,:),Area(i,:),thickness);

K global (element info(i,2:4),element info(i,2:4))=K global (element info
(1,2:4) ,element info(i,2:4))+Kc{i,1};

C{i,1}=Ctransient (rho,Cheat,Area(i,:),a(i,:),b(1,:),c(1,:),x element (1,
1:3),y element(i,1:3),thickness);

C global (element info(i,2:4),element info(i,2:4))=C global (element info
(1,2:4) ,element info(i,2:4))+C{1i,1};
end



%% Fh Kh
F' global=zeros(n node,1);
for i=1:n bc conv
element conv=BC conv (i, 1);
edge=BC conv (1,2);
LL=L (element conv,edge);
h=BC conv (1, 3);
Te=BC conv (i, 4);
[Kh{i,1},F{1i,1}]=kconvection (h,LL,thickness, edge, Te);

K global (element info(element conv,2:4),element info(element conv,2:4)
)=K_global(element_info(element_conv,2:4),element_info(element_conv,Z:
4))+Kh{1i,1};

F_global(element_info(element_conv,2:4),l)=F_global(element_info(eleme
nt conv,2:4),1)+F{1i,1}";
end



%% Constant Temperature
[KK global, FF global]=boundary (K global,F global,BC temp);
%% Steady State Solution

d' Sp('***************************************************** ')

|_|

disp('* Steady State Nodal Temperatures are ... *1);

disp('***************************************************** ')

T= (KK global)\FF global;

for 1i=1:n node
dd=[numZ2str (i), '= ",num2str (T (1,1)) 1]
disp (dd)

end

%% Transient Solution

ti=input(6,1);

tf=input (6,2);

dt=input (6, 3) ;

beta=input (6, 4);

Tinitial(l:n node,1l)=input (8, 2);



dlSp ( ' *****************************************************') ;

disp('* Transient solution is doing ... *');
dlSp ( ' *****************************************************') ;
Tt=transientbeta (KK global,C global,FF global,Tinitial,beta,ti,tf,dt);
AAA=[' The variable "Tt" has saved the transient responses from ',
num2str(ti), 'to', num2str(tf), "'sec'];
disp (AAR) ;
time=[ti:dt:tf]"';
n X=input (10, 2) ;
for jjj=1l:n X

X=input (10+3373,2);

for iii=1:(tf-ti)/dt+1

temp (1ii,1)=Tt{iii, 2} (X,1);

end

figure

plot (time, temp)

legend (num2str (X))
end
toc



Matlab code:
Mesh plot:

function

meshplot (x,y,element info,n element)
NODETINFO=["'Number of nodes are =
',num2str(size(x,1))1;

disp (NODETINFO) ;

ELEMENTINFO=[ "Number of elements are =
",numZstr (n element) ];

disp (ELEMENTINFO) ;

close all

step=0.0005;

% Create figure
figurel=figure('Color',[1 1 17);

% Creat axis

axesl=axes ('Parent', figurel);

box (axesl, 'on'") ;

hold (axesl, 'all');



for i=1:n element
XAzx(element info
XB=x (element info
XC=x (

YA=y (element info

YB=y (element info

YC=y (element info

E=XB-XA;

if E>O0
X1=XA:step:XB;

M= (YA-YB) / (XA-XB) ;

Y1=M* (X1-XA) +YA;
else E<O
X1=XB:step:XA;

M= (YA-YB) / (XA-XB) ;

Y1=M* (X1-XA) +YA;
end
1f XB<XC
X2=XB:step:XC;

M= (YB-YC) / (XB-XC) ;

Y2=M* (X2-XB) +YB;

(1,2)
(1,3)
element info (i, 4)
(1,2)
(1,3)
(1,4)

else
X2=XC:step:XB;
M= (YB-YC) / (XB-XC) ;
Y2=M* (X2-XB) +YB;
end
1f XA<XC
X3=XA:step:XC;
M= (YA-YC) / (XA-XC) ;
Y3=M* (X3-XA) +YA;
else
X3=XC:step:XA;
M= (YA-YC) / (XA-XC) ;
Y3=M* (X3-XA) +YA;
end
plot (X1,Y1l,X2,Y2,X3,Y3);
end
end



Matlab code:

Shape function:

det (A) /2;

L(1,1)

Area

=shapefunction (x, V)

[a,b,c,Area, L]

function

(x(1,2)-x(1,1))"2+(y(1,2)-y(1,1))"2

sqgrt (

—~

(x(1,3)-x(1,2))"2+(y(1,3)-y(1,3))"2

=sqgrt (

L(1,2)

(x(1,3)-x(1,1))"2+(y(1,3)-y(1,1))"2

(1,3)=sqgrt (
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zeros (1, 3)
zeros (

a
b

”””””

~— N N ~— S~ ~—~ ~—~ ~—~ ~~—~

AR

A~ o~ o~ o~ o~ o~ o~ o~ o~

”””””

N~ N N N~ S~ ~—~ ~—~ ~—~ ~—~

a
a
a
b
b
b
C
C
C

—~
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Matlab code:
Boundary function:

function [K T,F T]=boundary(K,F,BC)
Kb=max (diag (K)) * (1leb) ;
d=BC(:,2);
F T=F;
K T=K;
for 1i=1:size (BC, 1)
m=BC (i,1);
K T (m,m)=K(m,m)+Kb;
F T (m,1)=Kb*d(1,1);
end
end



Example:

YL

T= 100°F\ S
2“ * h=2
>
- T! .
/

50°F

2ft




